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Introduction 

Every closed, orientable 3-manifold is a 3- fold branched cover of S 3 . This was 
independently shown by Hilden, Hirsh and Montesinos [15, 16, 22]. Many 
three dimensional manifolds are two-fold branched covers of the three dimen- 
sional sphere, S 3 . However, there are 3-manifolds that are not. For example, 
R. H. Fox showed that the 3-torus is not a 2-fold branched cover of S 3 [11]. 
In this paper, we explain why many 3-manifolds are 2-fold branched cov- 
ers of aS 3 , show that there are integral homology spheres that are not 2-fold 
branched covers of S 3 , but are 2-fold branched covers of some manifold, and 
there are integral homology spheres that do not 2-fold cover any 3-manifold. 
When a 3-manifold is obtained as surgery on a hyperbolic knot, the manifolds 
that are 2- fold branched covered by it can be understood via the knot, and 
except for a finite number of possible exceptions there is a bijection between 
the branched covering projections of the knot complement and the branched 
covering projections of the manifold obtained by surgery. We also show that 
every 3-manifold branched virtually fibers i.e. has a finite branched cover 
that fibers over the circle, S 1 . 

I would like to thank B. Owens for asking me if there is a rational homol- 
ogy sphere that is not a 2-fold branched cover. 

First Examples 

It is natural to consider 3-manifolds that are obtained as surgery on a knot. 
For knots with fewer than 11 crossings, it turns out that most of these 2-fold 
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branch cover S 3 . We will now discuss several qualitatively different examples 
of 2-fold branched covers and review the standard constructions from low- 
dimensional topology that we use. 



Example 1 

A good example to consider first is 2/3 Dehn surgery on the 52 knot displayed 
on the left in figure 1. The knot and the framing curve are clearly set- wise 
invariant under a 2- fold rotation of S 3 . This rotation will surger to the deck 
transformation of a 2-fold branched covering from the sugrered manifold to 
S 3 . 





Figure 1: The 2/3 slope on the 52 knot and the longitude 



Recall that Dehn surgery is the result of removing an open solid torus 
and gluing in a closed solid torus: 

M K (p/q) := (S 3 - TV (if)) U T 2 (D 2 x S 1 ) . 

o 

The open solid torus is a tubular neighborhood of a knot, TV (K). The 
complement of an open tubular neighborhood of a knot is known as the 
exterior of the knot. For oriented knots in S 3 generators of the first homology 
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of the boundary of the tubular neighborhood can be chosen in a canonical 
way. The longitude, A, is the class of an oriented section of the normal bundle 
that bounds in the complement of the knot. The longitude of the 52 knot 
is displayed on the right in figure 1. The meridian, /i, is the class of the 
boundary of a fiber of the normal bundle oriented so that its linking number 
with the knot is positive. When the surgery slope, 1 x dD 2 , represents the 
homology class p/n + q\, the surgery coefficient isp/g£(Q)U{oo}. 

The 2/3-curve on the boundary of a tubular neighborhood of the 52 knot 
has a representative that is set-wise fixed by the 2-fold rotation. From the 
picture, it is not clear that every curve class has a representative that is set- 
wise fixed, and it is not clear what the quotient manifold is. We will see that 
every slope is represented by a set-wise fixed curve and the the quotient is 
just S 3 and see that this is a very general phenomena. 

We first verify that the original 2-fold rotation induces an involution on 
the surgered manifold. This rotation restricts to an elliptic involution of the 
torus. This is the map r : S 1 x S 1 — >> S 1 x S 1 given by r{z ) w) := (z, w) 
using complex coordinates. Here we identify the torus with the boundary of 
the exterior of the knot so that (z, 1) is a meridian and (1, w) is a longitude. 

In the surgery process we adjoin a solid torus D 2 x S 1 to the boundary of 
the exterior of the knot. Viewing D 2 x S 1 := {(z,w) G C 2 ||z| < 1, \w\ = 1}, 
the identification j : S 1 x S 1 D 2 x S 1 can be specified by a matrix in SL 2 Z, 
say A ) such that j(exp(27ra;)) = exp(27riA~ 1 v) with v = (x, y) and the expo- 
nential acting component wise. This is because every orientation preserving 
diffeomeorphism of a torus is isotopic to one of this form and changing the 
identification by an isotopy does not change the resulting manifold. These 
two facts are nicely explained in [29]. The surgery coefficients are given by 

(/>-'/> -.Ki.oi- 

To see that the involution extends to the surgered manifold, just define it 
on D 2 x S 1 by the same formula: t(z, w) := (z, w) and notice that j((z, w)) = 
j(z,w). Thus the original involution induces an involution on any manifold 
obtained by Dehn surgery on the knot. The fixed point locus in the knot 
exterior is a pair of intervals as is the fixed point set in the solid torus. Thus 
all of these manifolds are 2- fold branched covers of some 3-manifold. 

An alternative proof that the involution extends will show that each of 
these manifolds is a 2-fold branched cover of S 3 . Figure 2 shows that the 
quotient of a solid torus by the elliptic involution is a closed 3-ball. It follows 
that the quotient of Dehn surgery on a knot by an involution that acts as the 
elliptic involution on the boundary of the tubular neighborhood is obtained 
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Figure 2: Quotient of D 2 x by the involution 

by removing a 3-ball from the 3-sphere and gluing in a closed 3-ball via some 
homeomorphism. Since every homeomorphism of S 2 extends across the 3-ball 
the quotient of the original manifold must be S 3 . 




Figure 3: Tangling the branched set 
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Every matrix in SL 2 Z is a product of copies of S := 



-1 

1 



and 



Since these both commute with 
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they also act on 



'his quotient is an orbifold 



the quotient of T 2 by the elliptic involution, 
known as the pillow case or 2222-orbifold. The underlying topological space 
is S 2 and the singular locus consists of four cone points of order 2. The 
apparent left edge of the pillow case lifts to a longitude of the original knot. 
The apparent top edge of the pillow case lifts to a meridian. 

The top left portion of figure 3 displays the pillow case before any home- 
omorphism is applied. We can label each pillow case in this figure by the 
corresponding surgery slope, so this first one would be labeled by oc := 1/0. 
The matrix S acts as a 90 degree rotation of the pillow case, and this clearly 
extends to the pillow. The matrix T acts as a twist that interchanges the two 
corners on the right hand side. Figure 3 shows the the pillow as the sequence 
of homeomorphisms S, T, T 2 , S, T is applied. We could label the pillows 0, 
1, 3, —1/3, and 2/3. In each pillow the image of the top edge is colored blue, 
and the branch locus is colored green. The apparent left edge is consistently 
colored purple. If the resulting pillow is glued into the quotient of a knot 
exterior so that the apparent left edge maps to the image of the longitude 
and the apparent top edge maps to the meridian the resulting configuration 
will be the image of the surgery slope and the surgered solid torus together 
with the branch locus in the quotient manifold. Figure 3 shows the result 
of gluing the 2/3-pillow configuration into the image of the exterior of the 
5 2 knot. Lifting the blue curve produces the invariant representative of the 
2/3-slope that was displayed in figure 1. 

It should now be clear that this procedure could be followed with any 
surgery slope and any knot admitting an involution that restricts to the 
elliptic involution on the boundary of the tubular neighborhood. This proce- 
dure also produces an explicit description of the branch locus in the quotient. 
This completes the alternate proof that the quotient of this type of involution 
is S\ 



Example 2 

Figure 4 displays a projection of the lOgs knot. This projection is invariant 
under a 1/2 rotation about the axis coming out of the page through the green 
dot. The main difference between this example and the previous example is 
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that in this case the axis of the rotation does not intersect the knot. This 
means that the quotient of the pair (5 3 , K) is (S 3 , K') where K' is a copy of 
S 1 embedded in S 3 . In this case it is knotted. Once again we can verify that 




Figure 4: The 10gs knot and its quotient 



this rotation induces an involution on any manifold obtained by surgery on 
the lOgg knot. 

To begin, notice that the 2-fold branched cover of a generic Seifert surface 
in the quotient is a Seifert surface for the original knot. This means that the 
1/2 rotation fixes a longitude of the knot set wise. The same rotation does 
not fix a meridian. It follows that the boundary may be identified with a 
torus so that the rotation is given by r{z ) w) = (z,—w). For p/q surgery 
on the knot, choose integers r and s so that ps — qr = 1 and define a deck 
transformation on D 2 x S 1 by r{z ) w) = ((— l) r z, (— l) p w). It is not difficult 
to check that this deck transformation is compatible with the identification 
of the boundary of D 2 x S 1 with the boundary of the tubular neighborhood 
of the knot. 

A bit more information can be seen. When p is even, r must be odd and 
{0} x S 1 will be an extra component in the branch locus which will have 
two components. When p is odd, the axis in the knot exterior will be the 
only component of the branch locus. Since a meridian in the quotient lifts 
to two meridians, and a longitude in the quotient lifts to just one longitude, 
the surgery coefficient in the quotient will be exactly one half of the surgery 
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coefficient on the original knot. 
Restrictions on covering projections 

We have seen two fairly general constructions of 2-fold branched covers. In 
this short section we will explain how we can often identify all 2-fold branched 
quotients of a manifold. The key idea is that a 2- fold branched cover is 
determined by its unique non-trivial deck transformation and that it suffices 
to consider isometries when looking for such deck transformations. State- 
of-the-art 3-manifold theory is sufficiently advanced that this can be easily 
accomplished by quoting from the many deep theorems in the area. These 
include the orbifold theorem, the geometrization theorem and Thurston's 
hyperbolization theorem. 

See [1] for the modern definition of an orbifold. An orbifold is essentially 
a special type of groupoid, and a groupoid is just a category such that every 
morphism has an inverse. In the case of a 2-fold branched cover p : M — >> N 
we let the objects equal the points in M and let the arrows be the pairs (x, r) 
where x G M and r is a deck transformation, i.e. a self homeomorphism of 
M such that p o r = p. The space underlying this orbifold is just the set 
of equivalence classes of objects under the relation that identifies objects 
connected by an arrow. This is just a fancy way to add groups to the points, 
namely the group of self morphisms of each point. 

The orbifold geometrization theorem, [6, 5] is stated below for the reader's 
convenience. 

Theorem 1 (Thurston; Cooper, Hodgson, Kerkhoff; Boileau, Leeb, Porti). 
If Af is a compact, connected, orientable, irreducible, atoroidal, 3 -orbifold 
with non-empty singular locus, then N is geometric. 

We will also use Thurston's hyperbolization theorem and the full ge- 
ometrization theorem to establish the following result that provides effective 
restrictions on the possible quotients of 2-fold covering projections. 

Theorem 2. IfM 3 is a compact, connected, orientable, hyperbolic 3-manifold 
andp : M 3 — )► TV 3 is a 2- fold branched cover, then there is a hyperbolic metric 
on M for which every deck transformation is an isometry. 

Proof We first notice that TV is the underlying space of an orbifold, TV. 
We first consider the case when the branch set is non-empty and apply the 
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orbifold theorem. Clearly, Af is compact and connected. Let r be the non- 
trivial deck transformation, and let g be the metric on M. The averaged 
metric \{g + t*g) is certainly r-invariant (but it might no longer be hyper- 
bolic). If Af was non-orient able, dr would have to be an orientation reversing 
isometry (with the averaged metric) of the tangent space of any fixed point, 
so — / or a reflection. In either case, TV would fail to be a manifold near the 
orbit of the fixed point. 

A bad orbifold is one that is not covered by a manifold. The quotient M 
cannot contain a bad orbifold because it is covered by a manifold and the lift 
of the supposed bad orbifold would have to lift to a manifold. A spherical 

2- orbifold in the quotient would lift to a sphere in M. Since M is hyperbolic, 
it is irreducible so the lift will bound a 3-disk in M. The quotient of this 

3- disk will be a discal orbifold in J\f bounding the given spherical orbifold. 
It follows that J\f is irreducible. A similar argument (lift, find a compressing 
disc and take the quotient) will show that M is atoroidal. 

Applying the orbifold theorem tells us that there is a geometric (locally 
homogeneous) metric on A/*, say h. This lifts to a geometric metric h on M 
and this must be hyperbolic as the Gromov norm of a manifold with any of 
the other seven geometric structures must be zero and the Gromov norm of 
a hyperbolic manifold is proportional to its volume, [3, 6]. 

If the branch set is empty we can apply Perelman's proof of the ge- 
ometrization theorem to obtain the same result, [26, 28, 27]. This theorem 
is discussed in [19, 9, 24, 4]. Some people may worry about the case when 
the quotient N is non-orientable. The geometrization theorem is certainly 
true in this case because such an N will be Haken, so the original work of 
Thurston applies, [31]. See also the book [18]. (It is certainly appropriate to 
quote Thurston here as he is the one who originally pointed out the power 
of applying geometric techniques to the study of 3-manifolds.) The fact that 
N is Haken when it is non-orientable may be found in Hempel's book, [13]. 

The idea is for the solution to our problem when the fixed point set is 
empty is the same as when the fixed point set is non-empty. One must 
prove that the quotient is hyperbolic, in this case it suffices to show that 
it is irreducible, atoroidal, with infinite fundamental group. All of these 
properties follow because the 2-fold cover M has the same properties. □ 

The previous theorem states that there is a hyperbolic metric on the 
manifold M for which the deck transformations are isometires. One may 
worry that there are different hyperbolic metrics that need to be considered. 
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However, it is known that there is a unique (up to isometry) hyperbolic metric 
on any closed hyperbolic 3-manifold. This is Mostow's rigidity theorem, [25]. 

Given the previous theorem it makes sense to see what is known about 
the isometries of hyperbolic 3-manifolds. Once again, the known results 
far surpass what is needed for our present problem. One would like to say 
that any smooth automorphism of a manifold induces an isomorphism of the 
fundamental group. The problem with this is that such an automorphism 
may very well move the base point. If the manifold is connected one may 
connect the base point to its image with a path and thereby get an isomor- 
phism of the fundamental group. The problem with this is that changing 
the choice of path will change the isomorphism by conjugation. The group 
of isomorphisms modulo conjugation (inner automorphism) is known as the 
outer automorphism group. It is denoted by Out(7Ti(M)). Since homotopic 
maps induce the same map at the level of the fundamental group, there is a 
well defined map 

Diff(M)/Diff(M) -> Out(7n(M)) . 

Here Diff(M) denotes the path component of the identity. Of course any 
isometry is also a diffeomorphism, so one may map the isometries to the 
diffeomorphisms and the mapping class group Diff(M)/Diff(M) . It is a 
consequence of Mostow's rigidity theorem that the maps relating the three 
groups Diff(M)/Diff(M)o, Out(7Ti(M)), and Isom(M) are all isomorphisms 
for finite volume hyperbolic 3-manifolds, [3, 25]. 

We remark that the following deep theorem due to D. Gabai gives even 
more information about the diffeomerphisms of a hyperbolic 3-manifold. 

Theorem 3 (Gabai). If M is a closed, hyperbolic 3-manifold, then the inclu- 
sion of the isometry group Isom(M) into the diffeomorphism group Diff(M) 
is a homotopy equivalence. 

Hodgson and Weeks developed an algorithm that can compute the isom- 
etry groups of many hyperbolic 3-manifolds, [17]. Basically, the isometries 
of the complement of any hyperbolic link in a closed, hyperbolic 3-manifold 
that take meridians to meridians induce isometries of the closed 3-manifold. 
This gives a lower bound on the size of the isometry group. The total num- 
ber of isometries of a closed, hyperbolic 3-manifold is bounded above by the 
product of the order of the group of isometries fixing a given closed geodesic 
and the number of geodesies having the same complex length. This algorithm 
is implemented in the SnapPy program. 



9 



One should not worry about the level of rigor of the computer calculations. 
Symmetries of knots can be analyzed with topological tools. The extensive 
theory of characteristic splittings of knots as developed by Bonahon and 
Siebenmann provides a powerful framework to address such questions [7]. 
Kodama and Sakuma used topological arguments to analyze the symmetry 
groups of all prime knots with fewer than eleven crossings, [20]. 

As a first application of the fact that we can restrict our attention to 
isometries and it is possible to compute isometires, we computed the sym- 
metry group of 5f 0g8 (l) to be Z 2 . Thus there is only one element of order 
two, and it is the involution generated by a 1/2 rotation about the axis in 
figure 4. Thus it admits a double branched covering projection to £3 (1/2), 
but does not double branch cover any other 3-manifold (including S 3 ). 

In addition to asking about the existence of 2-fold branched cover quo- 
tients of a 3-manifold, one may ask questions about the complexity of such 
quotients. One way to measure the complexity of such a quotient would be 
via the number of components of the branch set. The following result is a 
special case of a proposition derived with Smith theory. The more general 
result may be found on page 376 of Bredon's book, [8]. 

Theorem 4. Ifr is an involution on a closed, connected, oriented 3-manifold 
and it acts trivially on the homology, then the number of components of the 
fixed point set of r satisfies the following bound: 

Number of components < 1 + dim^ 2 (H 2 (M; Z 2 )) . 
More Examples 

In this section we consider additional examples representing the behavior 
of of all relevant involutions. There are exactly two involutions of a cir- 
cle up to conjugation in the homeomorphism group: reflection, and half- 
rotation. Similarly, up to conjugation by a homeomorphism there are exactly 
four involutions of S 3 . They are given by sending (xi, x 2 , x 3 , £4) to one of 
(-£i,x 2 ,x 3 ,x 4 ), or (-Xi, -x 2 ,x 3 ,x 4 ), or (-£1, -x 2 , -£ 3 , x 4 ), or 
(— Xi, — x 2 , — x 3 , — £4). This follows from the resolution of the Smith conjec- 
ture [23]. The involutions of S 3 are specified by their fixed point set. The 
fixed point sets of the four involutions are 5 2 , 5 1 , S°, and respectively. 
Thus one can categorize knots that are setwise invariant under an involution 
into types according to the fixed point set in S 3 and the fixed point set in 
S 1 . The possibilities are: 
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(5 2 , S 1 ) Here the only possibility is the unknot. This type of involution does 
not lead to branched covers. 

(5 2 , S°) Here the only possibilities are the unknot and composite knots. This 
does not lead to branched covers either. 

(S 1 ^ 1 ) Here the only possibility is the unknot. This gives the standard 

2- fold branched covering projection from S 3 to itself. 

(S fl , S°) This is fairly common among small crossing number knots. The 5 2 
knot admits such a symmetry as seen in our first example (figure 1). 
The knot projects to an arc in the quotient, thus this type of symmetry 
induces 2- fold branched covering projection from any filling of such a 
knot complement to S 3 . 

(S fl , 0) This is also fairly common among small crossing number knots. The 
10gs knot admits such a symmetry (figure 4). This type of symmetry 
always leads to a 2-fold branched covering projection. Here it is worth 
keeping track of whether the quotient of the knot is knotted or the 
unknot. This is because the quotient manifold will be a non-trivial 

3- manifold when the original manifold is non-trivial and the quotient 
of the knot is knotted, or if the original manifold is not a homology 
sphere and the quotient of the knot is the unknot. 

(S f °, S°) This may occur as seen with the 817 knot (figure 6). The symmetry 
only extends to the trivial filling or to 0-filling. With 0-filling the 
resulting symmetry induces a 2-fold branched cover, to a non-orient able 
manifold. 

(5°,0) This may also occur, but it will never lead to a branched cover, as 
the quotient would have a neighborhood homeomorphic to a cone on 
the projective plane. 

(0,0) This may also occur as seen with the IO155 knot (figure 9). Since 
the Z 2 action is free, the branch set would be contained in the solid 
torus added in the filling, or the induced quotient projection will be an 
unramified 2-fold cover. The quotient will also be orient able, since the 
non-trivial deck transformation preserves orientation. 
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Example 3 

For our paper symmetries of types (S 1 ^ ) and (S 1 ,®) will be the most 
important because these are the main types that produce interesting 2-fold 
branched covers. It is quite common for small crossing number knots to 
admit both types of symmetries. The 52 knot admits both, as can be seen in 
the projection on the left of figure 5. This projection is invariant under 1/2 
rotations about the blue horizontal axis, the green vertical axis, and an axis 
coming out of the center of the page. The blue axis misses the knot, and the 
other two axes both meet the knot in two points. The image of the knot in 
the quotient is just the unknot. 




Figure 5: Full symmetry of 52 and 85 

The 85 knot has the same symmetry group, but the image of the knot 
under the quotient of the rotation that doesn't fix any point on the knot is 
knotted (it is a trefoil). This implies that any manifold obtained by non- 
trivial surgery on the 85 knot is a 2-fold branched cover of S 3 (via deck 
transformations induced by rotations that fix points on the knot), and is a 2- 
fold branched cover over a 3-manifold that is not S 3 (via deck transformations 
induced by rotations that do not fix any point on the knot.) This includes the 
integer homology spheres obtained by 1 jn surgery. We know that non-trivial 
surgeries on non-trivial knots are non-trivial manifolds by the resolution of 
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the property P conjecture [21]. 

The same argument shows that any non-homology sphere that is surgery 
on the 5 2 knot both 2-fold branch covers S 3 and non-simply connected man- 
ifolds. The manifold £5 (1/3) has symmetry Z 2 © Z 2 as expected from the 
left side of figure 5. Each of the involutions generates a double branched 
covering to 5 3 , thus this manifold only branched double covers S 3 . 

Examples 4 and 5 

We have seen that many knots admit symmetries of types S°) and (S 1 , 0), 
so that most surgeries on these knots 2-fold branched cover S 3 and a non- 
simply connected manifold. The lOgs knot from example 2 had only a sym- 
metry of type (S fl , 0), thus generic surgeries on it 2- fold branched cover non- 
simply-connected manifolds, but do not 2-fold branched cover S 3 . In the 
other direction, the 810 knot from figure 6 admits only a symmetry of type 
(aS 1 ,*? ). Thus generic surgeries on this knot 2- fold branched cover S 3 but 
no other manifold. 




Figure 6: The 810 and 817 knots 

The 817 knot from figure 6 is an interesting example. The only symmetry 
it admits is of type (S°,S°). This symmetry restricts to a half rotation on 
the meridian and to a reflection on the longitude. For this symmetry to 
extend the surgery slope must be taken to itself. As pji + qX is mapped 
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to p\i — qX we see that this can only occur if p/q = oc or p/q = 0. For 
zero surgery, the symmetry extends over the S 1 x D 2 via (z,w) \-> {—z,w). 
This has no fixed points, so the resulting quotient projection is a covering 
transformation. Since the symmetry is orientation reversing, the quotient is 
non-orientable. Generic surgeries on this knot will have no symmetries, so 
the resulting manifolds will not 2-fold branched cover any manifold. 

The knot in figure 10 has no symmetries, so generic surgeries on this knot 
do not 2-fold branched cover any 3-manifold. The smallest knot with no 
symmetries is the 932 knot. 

Example 6 and Torus Knots 

The quotient of S 3 by an involution with no fixed points is BLP 3 . Thus to 
get a knot with a symmetry of type (0, 0), one may take any homologically 
non-trivial knot in WP 3 and consider its lift into S 3 . Easy examples are given 
by torus knots T(p, q) with both p and q odd. 




Figure 7: The T(3, 5) (10i 24 ) knot 

Recall that a torus knot is given by (A p , X q ) inside S 3 viewed as pairs of 
complex numbers with max(|z|, \w\) = 1. The antipodal involution (z,w) \-> 
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(—z,—w) clearly has no fixed points and preserves the torus knots T(p,q) 
setwise for odd p and q. It also takes the meridian to the meridian and the 
longitude to the longitude homologically, so any surgery extends. Since this 
involution has no fixed points, it does not even fix a meridian of the know 
setwise. A longitude of the torus knot is given by the boundary of a Seifert 
surface. In this case a Seifert surface is given by the radial projection of 
{(z,w) G C 2 \z q — w p = 1}. It is clear that such a surface is disjoint from its 
image under the antipodal involution. It follows that this rotation does not 
fix a longitude of the knot setwise. 

The special case of T(3, 5) is displayed in figure 7, along with a surgery 
description. The antipodal involution rotates both factors of the solid torus 
one-half way around. A left-handed Rolfsen twist adds the full left twist that 
appears on the right side of the braid in the second part of figure figure 7. 
Pushing half of this twist past half of the braid results in a representation in 
which the antipodal involution may be seen as a one-half rotation. The quo- 
tient is then easily recognized as a homologically non-trivial knot in MP 3 . 
The same procedure will work with any knot having this type of symme- 
try. The quotient is displayed in figure 8. This figure further simplifies the 
quotient to make the Seifert fibered structure apparent. 
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Figure 8: The quotient of the T(3, 5) knot 
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Since neither the meridian or longitude is fixed setwise, the rotation of 
the boundary torus induced by the antipodal involution is given by (x,y) H> 
{x + |, y + |). It follows that the indivisible homology class r\i + sX on the 
boundary has a setwise fixed representative if and only if there is a t e K 
such that rt = st = 1 (modi), and this holds if and only if r and s are both 
odd. 

When there is no such setwise fixed representative, the involution extends 
as a free involution to the r/s filling, so the resulting filling is an unrami- 
fied 2-fold cover of a non-trivial 3-manifold. When there is a setwise fixed 
representative, the core of the filling torus will be the branch locus of the 
involution. The same arguments may be used with any knot admitting a 
symmetry of type (0, 0). 

When there is a setwise fixed representative, we do not need the explicit 
surgery descriptions to understand the quotients of the torus knots because 
the exterior of each of these has the structure of a Seifert fiber space given 
by the group action (z, w) • A = (A p z, X q w). The orbits of (1, 0) and (0, 1) are 
singular fibers of this Seifert fibration. The Seifert invariants of these singular 
fibers are (p, u) and (g, v) where u and v are integers with pu + qv = 1. For 
odd (p, q) the antipodal involution preserves the fibers so the quotient will 
also be a Seifert fiber space. This remains the case for all Dehn fillings. The 
Seifert invariants of the quotient will be 

{0, (Oo,0),(p, 2u),(q,2v),(r,s)}. 

Unless r = ±1 the fundamental group of this manifold will surject onto the 
(p, g, r) triangle group. In general, the order of the first homology of this 
manifold is |2r — pqs\, and it is easy to check that this will never be one when 
r = ±1 and p, and q are odd and relatively prime. 

While we are discussing torus knots, notice that the involution (z, w) H> 
(z, w) preserves any torus knot setwise, thus every one has a symmetry of type 
(aS 1 , S°) and therefore any surgery on a torus knot 2-fold branched covers S 3 . 
There is an important difference between torus knots and hyperbolic knots. 
Whereas the isometry group, mapping class group and outer automorphism 
group of a finite volume hyperbolic manifold are all isomorphic and all finite, 
this is no longer true for Seifert fiber spaces and torus knots. For example, the 
isometry group of the torus knots include the following 1-parameter subgroup 
of isomorphisms: f\(z, w) = (A p z, \ q w) ) so the type (0, 0) isometries of torus 
knots described above are non-trivial as isometries, but are trivial elements 
of the mapping class group. 
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Figure 9: The IO155 knot 



The IO155 knot is displayed in figure 9. It is obtained from the T(3, 5) 
torus knot by symmetrically changing four crossings. It follows that it has the 
same two involutions - one of type (S fl , S°) and one of type (0, 0). As always 
the (aS 1 , S°) symmetry induces 2-fold branched covering projections from any 
Dehn filling to S 3 . Since it is a hyperbolic knot, the quotient of its exterior 
under the free action will be hyperbolic. It follows from property P that 
the induced quotients on all but at most one Dehn filling will be non-trivial 
3-manifolds. Surgery descriptions of these quotients may be constructed by 
following the procedure used in figure 7 and figure 8. 

Exceptional Symmetries 

We have seen that the possible quotients of 2-fold branched covers of a 3- 
manifold are determined by the involutions of the manifold. Thus if one 
understands all symmetries of the manifold one also understands all such 
quotients. When the manifold is surgery on a knot these symmetries can 
generally be understood via symmetries of the knot. This is similar to the 
situation with hyperbolic structures. Thurston's hyperbolic Dehn surgery 
theorem [30] states that all but a finite number of Dehn fillings of a complete 
hyperbolic manifold with one cusp end admit hyperbolic structures. A similar 
thing holds true for symmetries. For all but a finite number of Dehn fillings 
of a complete hyperbolic manifold with one cusp, any symmetry of the Dehn 
filling restricts to a symmetry of the original manifold. This is the content 
of our next result. In fact the proof of this exceptional symmetry theorem 
follows the proof of the the hyperbolic Dehn surgery theorem. We refer to 
the exposition of the proof of the hyperbolic Dehn theorem given in, [3] in 
the following proof. 
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Theorem 5 (Exceptional Symmetry Theorem). Let M be a complete hyper- 
bolic 3-manifold with one cusp end. This implies it is diffeomorphic to the 
interior of a compact manifold with boundary a torus. Picking a basis for the 
first homology of this torus allows one to identify Dehn fillings with the ex- 
tended rational numbers. For all but a finite number ofp/q G Q := QU{oc} ; 
the manifold M(p/q) is hyperbolic and the isometry group Isom(M(p/g)) is 
isomorphic to a subgroup of Isom(M). 

Proof. First notice that the hypothesis that M has one cusp end and is thus 
diffeomorphic to the interior of a compact manifold with boundary a union 
of tori implies that the complete hyperbolic metric on M has finite volume 
([3] page 157). Pick a basis for the first homology of the boundary torus and 
use it to identify the collection of Dehn fillings with the extended rational 
numbers. Set 

S '= {p + qi G Z[i]|gcd(p, q) = 1, M(p/q) admits a hyperbolic structure} . 

Thurston's Dehn surgery theorem (Theorem E.5.1 of [3]) implies that S con- 
tains all but a finite number of elements of Z[i] with gcd(p, q) = 1. The 
idea of the proof is to show that all but a finite number of the manifolds 
corresponding to elements of S have a unique shortest geodesic with comple- 
ment isomorphic to M. The result follows since isometries must take shortest 
geodesies to shortest geodesies. 

Each of the manifolds corresponding to an element of S has finite vol- 
ume since each is compact. The collection of all finite volume hyperbolic 
3-manifolds may be topologized with the geometric topology ([3], chapter 
E). This collection will be denoted by T . 

Now recall the thick-thin decomposition of hyperbolic 3-manifolds. For 
e > 0, the thick part of a manifold TV is the set of all points with injectivity 
radius greater than e (denoted AT( €j00 )) and the thin part is the the set of all 
points with injectivity radius less than or equal to e, and it is denoted by 
AT( 0j€ ]. The Margulis lemma, [12], implies that there is a constant independent 
of the 3-manifold such that the e-thin part of a finite volume, orient able 3- 
manifold will be a union of tubes D 2 x S 1 about short closed geodesies and 
cusps T 2 x [0, oc), provided e is smaller than this Margulis constant, [3]. Since 
our starting manifold, M, has just one cusp end, the thin part will consist of 
the one cusp plus a finite collection of tubes. Taking the e sufficiently small 
we can be sure that the thin part has no tubes. 
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The manifolds in a neighborhood of a fixed hyperbolic 3-manifold will 
be similar to it in a number of ways. In particular there is an e > and 
neighborhood (in the geometric topology) of our starting manifold, M, such 
that the e-thick part of every manifold in this neighborhood is homeomorphic 
to the e-thick part of M. This follows from the proof of Theorem E.2.4 of 
[3] . Use U to denote this neighborhood of M in T . 

The next step in our proof relies on the existence of a special ideal tri- 
angulation, A, of M. This triangulation exists by a theorem of Epstein and 
Penner [10]. Roughly speaking the hyperbolic structures on an ideal tetra- 
hedron are parameterized by complex numbers with positive imaginary part. 
The collection of these complex numbers can be used to parameterize hy- 
perbolic metrics on M. In order to be a metric the dihedral angles around 
each edge must sum to 2n. This condition may be expressed as a polynomial 
equation in these complex parameters. The space of solutions to these equa- 
tions is denoted T-L^{M) and it corresponds to a collection of not necessarily 
complete hyperbolic metrics on M. See chapter E.6 of [3]. 

A countable collection of points in T-L^{M) correspond to manifolds having 
Mora closed hyperbolic manifold as a completion. Denote this set by %' \ 
and the element corresponding to M by z^. Since each of these manifolds 
have finite volume, there is a natural map % f — >■ T taking any solution 
to the compatibility equations to the corresponding completion. This map 
is continuous at with respect to the topology on % f as a subspace of 
Euclidean space, and the geometric topology on T . See Proposition E.6. 29 
on page 266 of [3]. It follows that there is an open set about that maps 
into U. Let Vef be this open set. By Proposition E.6. 23 on page 255 of [3], 
the image of the map from Vef to SU {oc} obtained by associating p + qi to 
any z £ Vef that maps to M(p/q) £ W, contains a neighborhood of infinity. 
Thus it contains all but a finite number of the p + qi. 

Given a p + qi in the image of Vef corresponding to a closed manifold 
and an isometry, /, of the corresponding M{p/q) ) we see that / must take 
the thin part to itself setwise since the points in the thin part are defined 
geometrically. It follows that / takes the complement of the closure of the 
thin part to itself. This is just the interior of the thick part. Since we took 
e small enough that the thin part of M has only one component, we know 
that the thin part is just a product T 2 x K so that the interior of the thick 
part is diffeomorphic to M. However, the original neighborhood, U was 
chosen so that the thick part of each element of this neighborhood would be 
diffeomorphic to the thick part of M. 
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Thus we may associate to each isometry of M(p/q) in this family the 
diffeomorphism (and hence mapping class) of M obtained by restricting / to 
the interior of the thick part of M(p/q). One might worry that this could send 
a non-trivial isometry to a trivial mapping class, but that would be worrying 
too much. Indeed, the fundamental group of M(p/q) is obtained by adding 
one relation to the fundamental group of M which we now identify with the 
interior of the thick part. One can take (representatives of) generators of the 
fundamental group of M and see what happens to each under the image of 
/. Assuming that /\m is isotopic to the identity, one can let f\M,t represent 
the isotopy. This gives natural tails for each map in the family of the isotopy. 
Indeed, when x is the base point 7*(s) = /|m,s*(^o) is the natural tail. The 
automorphism induced by / takes a generator a to 71 * (/ o a) * 7^ 1 . This is 
homotopic (rel xq) to a via j t * (/|m,* oa ) *lt X -> so the induced automorphism 
is trivial implying that / itself was trivial to begin with. □ 




Figure 10: An asymmetric knot with an exceptional symmetry 

The knot in figure 10 demonstrates the exceptional symmetries that can 
occur as described in the theorem. It has no symmetries, so all but a finite 
number of Dehn fillings of this knot have no symmetries. This implies that 
none of these infinitely many manifolds 2- fold branched cover any 3-manifold. 
However, — 2-surgery on this large knot is equivalent to 2-surgery on the 86 
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knot. This knot has the dihedral group of order 4 as a symmetry group, and 
these symmetries extend to the surgeries on the knot. Two of the involutions 
fix points in the knot so the corresponding quotients are S 3 . The axis of the 
other involution avoids the knot. Even so, the knot projects to an unknot 
in the quotient. The induced framing is 1 so the quotient is still S 3 . To see 
that —2 surgery on the large knot is the same as 2 surgery on the 86 knot, 
one starts with the 9g 5 link displayed in figure 11. Each component of this 
link is unknotted. Blowing down the 1-framed component leads to the large 
knot from figure 10. Blowing down the —1-framed component leads to the 
86 knot. 




Figure 11: The 9g 5 link and 8 6 knot 

The theorem states that every symmetry of a generic filling is a symmetry 
of the open manifold. It does not state that every symmetry of the open 
manifold extends to the filling. We have seen this in the example of the 817 
knot displayed in figure 6. In fact, for homological reasons a symmetry of 
type (S°,S°) can only extend across trivial or zero surgery. On the other 
hand we have seen that every symmetry of type (aS 1 ,^ ), or (S 1 ,®) does 
extend across every surgery, so the symmetries extend for the examples that 
we care most about. 

One of the reasons the 5 2 knot from our first example is a good knot to 
consider is that it also admits exceptional symmetries, as well as exceptional 
surgeries. It has symmetry group Z 2 ©Z 2 with two involutions of type (S fl , S°) 
and one involution of type 0). By our earlier discussion these symmetries 
extend across all surgeries on this knot, and for all but a finite number of 
exceptions these surgered manifolds have symmetry Z 2 © Z 2 . The manifold 
Sf (1/3) is hyperbolic and has symmetry Z 2 © Z 2 as expected. 

The manifold £5 (1) is not hyperbolic. To see this we do the same trick 
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that we did to understand the exceptional symmetry in the large knot - we 
find a two component link half way in between. A Rolfsen twist on an unknot 
that links the middle 3/2 twisted band in figure 5 will untwist it two times. 
The framing on this new curve will be 1/2. This operation will unknot the 
5 2 knot. Since the framing on the new unknot is 1, we can blow it down to 
see that this manifold is the same as 1/2 surgery on the right hand trefoil. 
This in turn is the Seifert Fiber Manifold over S 2 with three singular fibers 
and invariants {1, (Oo, 0), (-2, 1), (-3, 1), (-11, 2)}. 

The manifold £5 (1/2) has symmetry L> 2 -4 not Z 2 © Z 2 as expected. To 
see this, note that a Rolfsen twist about an unknot that links one of the half- 
twisted bands and reverses the crossing will unknot the 5 2 knot resulting in 
a link of two unknotted and algebraically unlinked components. One will 
have filling 1/2 and the other will have filling 1. Doing the Rolfsen twist to 
untwist the 1/2- framed component will result in 1 filling on the 83 knot. The 
D 2 .4 is then manifest. 

Branched Virtual Fibration 

The virtual fibration theorem is a major new result in the theory of 3- 
manifolds. It states that any hyperbolic 3-manifold admits a finite cover 
that fibers over the circle. Thurston asked it as a question in 1982. In 2007 
Agol proved that any manifold with what is known as a virtually residually 
finite rationally solvable fundamental group is virtually fibered. This year 
Wise and Agol proved that the fundamental group of any closed hyperbolic 
3-manifold has this property, [2, 32]. 

If finite cover is relaxed to finite branched cover one can see that any 
3-manifold has a 2-fold branched cover that fibers over the circle. We now 
prove this branched virtual fibration result. The proof begins with the well- 
known fact that any 3-manifold has an open book decomposition. There are 
many ways to see that 3-manifolds admit such open book decompositions. 
One way starts with a representation of the given manifold M as an irregular 
3- fold branched cover branched over a braid. Given such a cover express the 
3-sphere as a union (S 1 x D 2 ) U (D 2 x S 1 ) with the braid in the second factor 
D 2 x S 1 such that the projection to the S 1 factor restricted to the braid has 
no critical points. The open book representation is constructed by composing 
the branched covering projection from the manifold with the following map 
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from the 3-sphere to the disk D 2 : 

f : S 3 = {(z,w) G C 2 |max(|s|, \w\) = 1} D 2 -J(z,w) = w. 

The inverse image of the braid axis S 1 x {0} C^x D 2 is called the binding. 
It is easy to see that the complement of the binding fibers over the circle. 
In fact the map M — >> D 2 takes the complement of the binding to D 2 — {0} 
and the fibration in question is obtained by mapping these points to S 1 by 
v \-> {v^v. 

Theorem 6 (Branched Virtual Fibering). Every closed orientable 3-manifold 
has a 2- fold branched cover that fibers over a circle. 

Proof. First notice that the involution r : S 1 x [—1,1] — >• S 1 x [—1,1] given 
by r{z ) t) = (— z, —t) induces a 2-fold branched cover to the quotient under 
the r action, and this quotient is a disk. Denote this branched covering by 
p : S 1 x [— 1, 1] — >► D 2 . Let pi : S 1 x [— 1, 1] —> S 1 be projection onto the first 
factor. Given an open book presentation of a closed orientable 3-manifold, 
b : M D 2 , the desired 2-fold branched cover of M is just the pull-back of 
M by the 2-fold branched cover of the disk, and the fiber bundle projection 
to the circle is just the composition of the induced map to S 1 x [— 1, 1] with 
projection onto the first factor. The pull-back is defined by 

p*M := {(*, t, x) e S 1 x [-1, 1] x M | p(z, t) = b(x)} . 

This argument is summarized in the following commutative diagram: 

p*M > S 1 x [-1,1] S 1 

V 

M > D 2 . 

b 

Basically, this replaces a copy of the product of the binding and D 2 with 
a copy of the product of the binding with an annulus and duplicates the 
fibered portion of M. This is depicted in the following figure. 

□ 

Quotient Tabulation 

The symmetries of knots with fewer than 11 crossings were tabulated in [14, 
20]. For many knots this is all the information that is needed to understand 
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Figure 12: Branched virtual fibering 

the possible quotients by 2-fold branched covers. However, it is not always 
possible to infer the type of the symmetry of an element of one of these groups 
from the tabulated information. Furthermore, for symmetries of type 0) 
one needs to know if the image of the knot in the quotient is knotted or 
unknotted in order to decide if the homology sphere fillings 2-fold branched 
cover a non-trivial manifold. Rather than just including the knots that need 
new information (knotted or unknotted quotient) and referring the reader to 
the earlier tabulations for the rest, we include all knots in this tabulation. 
We do just concentrate on the involutions, but remark here that the following 
knots have higher order symmetries: 4i, 63, 74, 7 7 , 83, 89, 812, 9io, 9i7, 923, 
9 3i , IO17, IO33, IO37, IO43, IO45, IO157 (all with D 4 symmetry), 9 4 i, 9 47 , 9 49 
(all with D 3 symmetry), 9 35 , 9 40 , 9 48 , IO75 (all with D 6 symmetry), 8i 8 (D s 
symmetry), and IO123 (-D10 symmetry). 
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Census 



Symmetry Type Knot List 

No symmetry - generic surgeries on these 9 32 , 933, 10 8 o, 10 8 2, 10 8 3, 
knots do not 2-fold branched cover any man- 10 8 4, 10 85 , 10 86 , 10 8 7, 10 90 , 
ifold. IO91, 10 92 , IO93, IO94, IO95, 

IO102, IO1065 10l07? lOno, 
IO117, IO119, 10i48j IO149, 
10l50j IO151, IO153 

Only type S°) symmetry -generic surg- 8 i7 , IO79, 10 8 i, 10 88 , IO109, 
eries on these knots do not 2-fold branched IO115, 10n 8 
cover any manifold, but surgery will be a 
2-fold cover of a non-orient able manifold. 

Only type (S 1 , S°) symmetry- generic surg- 8i 0j 8 i6 , 8 20 , 922, 924, 925 
eries on these knots will be 2-fold branched 9 2 9, 930, 934, 936, 93 8 , 939 
covers over S 3 , but do not 2-fold branched 941, 942, 943, 944, 945, 947 
cover any other manifold. 949, IO46, IO47, IO48, IO49 

10 50 , IO51, 10 52 , IO53, IO54 
IO55, 10 56 , IO57, IO59, io 62 



1065, 


10 70 , IO71, IO72 


, 1073 


IO77, 


1089, IO96, IO97, 


IO100 


IO101 


, 10l03 


, 10l04, 


10105 


lOios 


, 10m 


, IO112, 


10113 


IO114 


, 10ll6 


, IO12I, 


10125 


IO126 


, 10l27 


, IO128, 


10129 


IO130 


, IO131 


, 10l32, 


10133 


IO134 


, IO135 


, 10l37, 


10140 


IO143 


, IO152 


, IO154, 


IO156 


10l58 


, IO159 


, 10l60, 


lOiei 


10l62 


, 10l63, 


10i64, 10l65 
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Symmetry Type 



Knot List 



Only type (S 1 ,®) symmetry with unknotted 1067, IO147 
quotient - generic surgeries on these knots 
will be 2-fold branched covers over a lens 
space. This unique possible quotient will be 
S 3 exactly when the filling yields an integral 
homology sphere upstairs, i.e. \jn filling. 

Only type (S 1 ,®) symmetry with knotted 10gs 
quotient - generic surgeries on these knots 
will be 2-fold branched covers over some non- 
simply-connected manifold, but do not 2-fold 
branched cover S 3 . 



Both types (S 1 ^ ) symmetry and (S 1 ,®) 
symmetry with unknotted quotient - generic 
surgeries on these knots will be 2-fold 
branched covers over S 3 , as well as some lens 
space (unless the filling yields an integer ho- 
mology sphere in which case the only possible 
quotient will be S 3 ). 



4i, 5 2 , 61, 6 2 , 63, 7 2 , 7 3 , 7 4 
75, 7 6 , 7 7 , 81, 8 2 , 83, 84, 8 6 

87, 

9 2 , 9 3 , 9 4 , 9 5 , 9 6 , 9 7 , 9 8 , 9 9 
9io, 9n, 9i2, 9i3, 9i4, 9i5 

9l7j 9is, 9i9 , 920 , 921, 923 

9 2 6 , 9 2 7 , 9 3 i, 9 35 , 9 37 , 9 46 
9 48 , 

10i, 10 2 , 10 3 , 10 4 , 10 5 , 10 6 
10 7 , 10 8 , 10 9 , 10io, lOn 
IO14, IO15 
IO19 

io 24 
io 29 

10 34 

1039 
io 44 



1012 
1017 

io 22 

10 27 

10 32 
1037 
io 42 
io 69 



1013 
1018 

io 23 
io 28 
1033 

10 38 

io 43 

10 74 : 



io 20 
io 25 

10 30 
1035 

io 40 
io 45 



IO75, 10 



145 



1016 
1021 

io 26 

1031 

10 36 

1041 

10 68 

10l46 



Both types (S\S°) symmetry and (S°,0) 10 99 , 10i 23 
symmetry - generic surgeries on these knots 
will only be 2- fold branched covers over S 3 . 
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Symmetry Type 



Knot List 



Both types (S\ S°) symmetry and (0,0) IO155, IO157 
symmetry - generic surgeries on these knots 
will be 2- fold branched covers over S 3 , as well 
as a non-trivial 3-manifold. 



Both types (S\S°) symmetry and (^,0) 85, 8 15 , 8 21 , 9 16 , 9 28 , 9 40 , 

symmetry with knotted quotient non- IO58, 1060, 106i, 1063, 1066? 

trivial surgeries on these knots will be 2-fold IO76, IO78, IO120, IO122, 

branched covers over S 3 , as well as some non- IO136, IO138, IO139, IO141, 

trivial 3-manifold. IO142, IO144 



Torus knots with both types (S 1 ^ ) sym- 3i, 5i, 7i, 9i 

metry and (S fl , 0) symmetry with unknotted 

quotient - any surgery on one of these knots 

will be 2- fold branched covers over S 3 , as well 

as some lens space (unless the filling yields an 

integer homology sphere in which case the 

only possible quotient will be S 3 . 



Torus knots with both types (S 1 ^ ) sym- IO124 
metry and (0, 0) symmetry - any surgery on 
one will be a 2- fold branched cover over S 3 , 
as well as a 2-fold cover (or branched cover) 
over some other manifold. 
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